Clustering is a very powerful tool for automatic detection of relevant sub-groups in unlabeled data sets. In this paper we focus on interval data: i.e. where the objects are defined as hyper-rectangles. We propose here a new clustering algorithm for interval data, based on the learning of a Self Organizing Map. The major advantage of our approach is that the number of clusters to find is determined automatically; no a priori hypothesis for the number of clusters is required. Experimental results confirm the effectiveness of the proposed algorithm when applied to interval data.
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Introduction
Unsupervised classification, or clustering, is a very powerful tool for automatic detection of relevant sub-groups (or clusters) in unlabeled data sets, when one does not have prior knowledge about the underlying structure of these data.
Patterns in the same cluster should be similar to each other, while patterns in different clusters should not (internal homogeneity and external separation).
Clustering plays an indispensable role for understanding various phenomena described by data sets and is considered as one of the most challenging tasks in unsupervised learning. Various approaches have been proposed to solve the problem [35, 40, 41, 25, 24] .
However, most clustering algorithms are defined to deal with vectorial data in R d . This kind of representation is frequently used to analyze data from physical measurements, counts or indices, but there are many other kinds of information that can not be described with vectors. This is the case of complex data described for example with a text, a picture or a hierarchical structure.
In this paper we focus on interval data (also known as symbolic interval data).
In a vectorial space, interval data are defined by hyper-rectangles. A given data x is thus defined as a closed and bounded interval in without further assumptions on the distribution between these bounds [3, 21, 2, 20] .Several clustering methods are available for interval variables. For example, [26] presented an iterative relocation algorithm to partition a set of symbolic objects into classes so as to minimize the sum of the description potential of the classes. [18] proposed partitioning clustering methods for interval data based on city-block distances. SCLUST [50] is a partitioning clustering method and a symbolic extension of the well-known Dynamical Clustering method [19] . DIV [10] is a symbolic hierarchical monothetic divisive clustering procedure based on the extension of the within class sum-of-squares criterion. SCLASS [48] and SPART [33] [45, 23] . The hierarchical component of Hipyr [7] also contains extensions of the four classic hierarchical clustering methods. Other clustering methods for interval data can be found in [11, 18, 31, 4, 39, 15] .
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We present here a new clustering algorithm for interval data, based on the learning of a Self Organizing Map (SOM) [42] . This unsupervised learning algorithm is a popular nonlinear technique for dimensionality reduction and data visualization, with a very low computational cost. It can be seen as a K-means algorithm with topological constraints, usually with a better overall clustering performance [12] . Bock [4, 5] proposed a visualization of symbolic interval data by constructing a SOM. In the SODAS software [21] , such a map is constructed in the SYKSOM module. SYKSOM assumes a data table of n items that are described by p interval-type variables. The n items are first clustered into a smaller number of mini-clusters (reduction step), and these mini-clusters are then assigned to the vertices of a fixed, prespecified rectangular lattice L of points in the plane such that similar clusters (in the original data space) are represented by neighboring vertices in the lattice L. Other papers concerning SOM algorithms for interval-valued data can be found in the literature [28, 29, 47, 16, 22, 52] .
For example, [22] uses a distance based on Hadamard product and [52] proposes a fuzzy representation based on Gowda and Diday's dissimilarity measure [27] .
All these algorithms can be seen as vector quantization and visualization tools for symbolic interval data, and cannot be used directly to obtain a clustering of the data.
The proposed algorithm is a two-level clustering method for interval data.
The key idea of the two-level clustering approach based on SOM is to combine the dimension reduction and the fast learning capabilities of SOM in the first level to construct a new reduced space, then to apply a clustering method in this new space to produce a final set of clusters in the second level (see [38, 49] for examples with vectorial data). The two-level methods are known to reduce the computational time and allow a visual interpretation of the clustering results [8] . In particular, the use of SOM+K-means or SOM+Hierarchical clustering
gives better results than the use of K-means or a Hierarchical clustering alone [8, 9] . The major advantage of the new algorithm in comparison to existing methods is that the number of clusters to find is detected automatically, i.e., no a priori hypothesis for the number of clusters is required. This problem, 3 also known as the model selection problem, is one of the most challenging in clustering. Indeed, the existing clustering algorithms for interval data need to have the number of clusters as a user-given parameter [50, 26, 18, 33] , which is usually very difficult to determine a priori.
The remainder of this paper is organized as follows. Section 2 presents an adaptation of SOM allowing an automatic two-level clustering. Section 3 describes the new algorithm for interval data. In section 4 we present the experimental protocol and results are shown in section 5. In section 6, we compare the new algorithm with existing methods on artificial and real datasets.
Conclusions are given in section 7.
Simultaneous Two-Level clustering of Self-Organizing Map
Kohonen's Self-Organizing Map (SOM) can be described as a competitive unsupervised learning neural network [42] . When an observation is recognized, the activation of an output cell -competition layer -inhibits the activation of other neurons and reinforces itself. It is said that it follows the so called Thus, a mapping between the input space and the network space is constructed; two close observations in the input space would activate two close units of the SOM. An optimal spatial organization is determined by the SOM from the input data, and when the dimension of the input space is lower than three, both the position of weight vectors and direct neighborhood relations between cells can be represented visually. Thus, a visual inspection of the map provides qualitative information about the map and the choice of its architecture. The winner neuron updates its prototype vector, making it more sensitive for later presentation of that type of input. This allows different cells to be trained for different types of 4 data. To achieve a topological mapping, the neighbors of the winner neuron can adjust their prototype vector towards the input vector as well, but at a lesser degree, depending on how far away they are from the winner. Usually a radial symmetric Gaussian neighborhood function K ij , between two neurons i and j, is used for this purpose.
The key idea of the two-level clustering approach based on SOM is to combine the dimension reduction and the fast learning capabilities of SOM in the first level to construct a new reduced vector space, and to apply another clustering method in this new space to produce a final set of clusters in the second level. Although the two-level methods are more interesting than the traditional approaches (in particular by reducing the computational time and by allowing a visual interpretation of the partition result [6, 38, 49, 43] ), the data segmentation obtained from the SOM is not optimal, since part of the information is lost during the first stage (dimension reduction). Moreover, this separation in two stages is not suited for a dynamic (incremental) segmentation of data which move in time, in spite of important needs for analysis tools for this type of data. The S2L-SOM algorithm (Simultaneous Two-Levels -SOM, [8] ) has been proposed to overcome these problems by simultaneous performing learning and clustering of the SOM from data information.
The S2L-SOM algorithm
In the S2L-SOM algorithm, it is proposed to associate to each neighborhood connection a real value ν ij which indicates the relevance of the connected neurons i and j. This value is representative of the data distribution between i and j, and can be viewed as the number of data having i and j as the two best representatives neurons. Given the organization constraint of the SOM, both closest prototypes of each data must be connected by a topological connection.
This connection "will be rewarded" by an increase of its value, whereas all other connections from the winner neuron "are punished" by a reduction of their values. The values of ν will be used to create sets of connected prototypes; each set not connected to the others is representative of one cluster. Thus, at the end of the training, a set of inter-connected prototypes will be an artificial image of a relevant sub-group of the whole data set.
Connectionist learning is often presented as a minimization of a cost function.
In our case, it will be carried out by the minimization of the distance between the input samples and the map prototypes, weighted by a neighborhood function K ij . To do that, we use a gradient algorithm [1] . The cost function to be minimized is defined by:
where N represents the number of learning samples, M the number of neurons in the map, u * (x (k) ) is the neuron having the closest weight vector to the input pattern x (k) , and K ij is a positive symmetric kernel function: the neighborhood function [42] . The relative importance of a neuron i compared to a neuron j is weighted by the value of the kernel function K ij which can be defined as:
where λ(t) is the temperature function modeling the topological neighborhood extent, defined as:
where λ i and λ f are the initial and the final temperature respectively. t max is the maximum number allocated to the time (number of iterations for the x learning sample). d 1 (i, j) is the Manhattan distance defined between two neurons i and j on the map grid, with coordinates (k, m) and (r, s) respectively:
The S2L-SOM training process is highly similar to the Competitive Hebbian Learning (CHL) approach [46] . The difference lies in that the CHL method does not change reference vectors at all (which could be interpreted as having a zero learning rate), it only generates a number of neighborhood edges between the units of the SOM without values. In the S2L-SOM we associate a real value 6 to each neighborhood connection, which indicates the relevance of the connected couple for the local neuron prototype vector. The value of this connection is adapted during the learning process. It was proved by Martinetz [46] that the so generated graph is optimally topology-preserving in a very general sense. In particular each edge of this graph belongs to the Delaunay triangulation [17] corresponding to the given set of reference vectors. The S2L-SOM learning algorithm proceeds essentially in three phases:
1. Initialization Step :
• Define the topology of the SOM.
• Initialize the prototypes w j .
• Initialize to 0 connection values ν ij between each pair of prototypes i and j.
Competition
Step :
• Present a data x (k) randomly chosen.
• Among the M prototypes, choose u * (x (k) ) and u * * (x (k) ) the two best representatives for this data according to a distance metric d (usually the Euclidean distance):
• Increase the connection value between u * (x (k) ) and u * * (x (k) ), according to the learning rate ε(t), a decreasing function of time between
[0, 1], proportional to 1/t (see [51] ). Decrease the values of other
with :
.
Adaptation step :
• Update prototypes w j :
4. Repeat step 2 and 3 until t = t tmax .
Final clustering : Determine
..,L , the set of L groups of connected prototypes such that ν > 0. Each data x (k) belongs to the cluster of u * (x (k) ). The final prototype clustering provides a disjoint data clustering, as each data point is represented by an unique prototype u * .
A new two-level clustering algorithm for interval data
In this paper we propose an extension of our previous algorithm S2L-SOM to interval data. The main idea is to define a prototype w j of the SOM as an interval, i.e. a pair of vectors: lower and upper bounds.
During the learning of the SOM, the two bounds of each prototype will be updated to improve data representation (see Figure 2 for an example).
The algorithm works as follows:
..N be a set of interval data where 
Competition
• As in 2.1, using an adapted distance metric d (see section 4.1) instead of the Euclidean distance.
Adaptation step :
• Update prototype bounds w j :
4. Repeat step 2 and 3 until t = t max . In this study we used the default parameters of the SOM Toolbox [51] for the learning of the SOM and we use t max = max(N, 50 × M ) as in [51] . One can note that the lower and upper bounds of the prototypes are always updated toward respectively a lower and upper bound of a data point. In that case, no inversion is possible and the prototype's upper bound is always greater or equal to the lower bound. At the end of the clustering process, a cluster is a set of prototypes which are linked together by neighborhood connections with positive values. Thus, the number of clusters is determined automatically.
Experimental Protocol
We propose to test the effectiveness of the new algorithm for three types of distances between interval data and three types of initialization of the prototypes.
Distances measures
Many distance measures have been defined to compare intervals [3] . For this work, we have selected three distances that require little computational power:
the distance to vertices and the Hausdorff-type L1 and L2 distances (noted
L1 and L2 in the paper). Let d be the dimension of the data representation space (i.e. the number of interval variables). The distance to vertices d S (x, x )
is proportional to the sum of the Euclidean distances between the two upper bounds and the two lower bounds:
L1 distance is defined by: Figure 3 shows an example of measure of distance L1 and L2. 
Initialization of the prototypes
Three types of initialization have been tested. The "data-based" initialization randomly selects M data points without repetition as initial prototypes. The last initialization, "Linear", also uses points as initial prototypes. To determine their positions, a Principal Component Analysis (PCA) [3] is performed from the position of the centers of the data hyper-rectangles. Prototypes are placed linearly on the plane defined by the two first components (see Figure 6 ).
The main difference with the previous two initializations is the fact that the map generated in this way is already organized. 
Experimental datasets
In this paper the quality of clustering was evaluated using two external criteria (Jaccard index [40] and Corrected Rand index [37] ); both are frequently used [30] . These indices are used if data-independent labels (categories) are available, to evaluate how well a given cluster solution corresponds to these external labels. The main difference between Jaccard and Rand is that the Jaccard index computes the proportion of pairs of objects where both objects To test the new algorithm, we created seven artificial datasets of various difficulty (Table 1) .
"2Dim" consists of two groups of 200 data points each, separated linearly in two dimensions. Each group is in a square and the number of data in each group is the same. "3Dim" consists of four groups of equal size arranged on the vertices of a tetrahedron in a three-dimensional space. In "5Dim", the groups are of various shapes and sizes in a space with five dimensions.
The data "Sun" consists of five classes oriented in different ways. This set contains 195 data points in two dimensions. The data set "Hooks" consists of 13 six groups of intervals which are in contact with each other. "Cross" consists of three intersecting groups, with a group of squares around the center, a group of elongated vertical intervals and the last interval elongated horizontally. Finally, "Target" consists of squares of equal sizes, divided into two groups, one forming a ring and the second at the center of this ring.
Results
Quality
All the results for the three distances and the three initializations are summarized in Tables 2 and 3 . Table 2 : Clustering quality using the Jaccard index for each database with different initializa-
tion and different measures of distances between intervals: mean (standard deviation). The
Total row is the global mean quality. The values of the external criteria show that, for these data, the algorithm is able to find without error the correct number of groups and to produce a good segmentation of the data set. Tables 2 and 3 and Figure 7 show that on average the used distance measure does not significantly influence the quality of the results, even if the distance to vertices seems to be slightly better on these datasets. However, the initializations chosen can affect the clustering quality. In particular, the "Linear" initialization gives better results on average than the others (Figure 8 ), especially for the datasets "2Dim", "Hook" and "Target".
The main explanation is that the linear initialization avoids a "twist" of the map that may appear with other initializations, increasing the topological error and thus decreasing the quality of the clustering. The visualization of the clusters obtained with a linear initialization and using the distance to vertices confirms the quality of the clustering algorithm adapted to interval data ( Figures 9 to 11 ). In particular, the algorithm is able to detect clusters of different orientation and shape, potentially non-convex ("Target"), even if they are in contact ("Hooks", "Cross"). Unlike all K-means based algorithms (e.g. SCLUST), this algorithm can deal with non hyper-spherical clusters, non convex clusters and non linear separation between clusters. It is also the only algorithm of this type that doesn't need the final number of clusters to be chosen as a parameter, as it is detected automatically during the learning. 
Visualization
The results are also confirmed by visual inspection. Indeed, the SOM-based clustering algorithm is a powerful tool for visualization of the obtained segmentation in two dimensions. Clusters are easily and clearly identifiable, as well as regions without data (unconnected neurons). As one can notice from figures 12, the results obtained by the new algorithm can be visualized in two dimensions Figure 11 : Clusters obtained for data "Cross" and "Target".
using the mapping obtained with SOM. This allows visualizing the clustering of databases having more than two dimensions, as the "5Dim" database ( Fig.   12(b) ).
In Figure 12 , each hexagon represents a prototype of the SOM together with its associated data. Hexagons showing the same color are in the same cluster.
Dark blue hexagons are not part of any cluster.
Comparison on artificial and real datasets
In the previous section, we showed the effectiveness of the proposed algorithm to solve various clustering problems. The capability to automatically detect the number of clusters is an undeniable advantage. However, it is important to test its performances in comparison to the existing interval clustering algorithms.
Artificial datasets
In this section, we compared the quality of the clustering and the processing speed of our algorithm in comparison to six other methods described in [34] :
DIV, SCLUST and the four hierarchical methods contained in SHICLUST (a symbolic extension of single linkage, complete linkage, centroid and Ward).
We applied each algorithm 20 times on each dataset and kept the best result according to an external criterion as in [33] . We chose the Jaccard index and the Corrected Rand index as quality criteria. We used a linear initialization and Our algorithm gives the expected clustering for all these datasets. We can see that DIV and SCLUST methods perform well when the clusters are convex and well separated, but fail otherwise. The quality of the hierarchical methods is much better for these datasets. In particular, the single linkage method also
gives the expected clustering for all these datasets. Other methods fail to detect the non-convex and non linearly separable clusters in the "Target" dataset.
Regarding the exponential increase of the size of the databases in recent years [44] , the algorithms' complexity becomes a substantial issue for most real applications. It is expected for data-mining tools to have at most a linear complexity in the number of data points, i.e. that the processing time increases linearly with the number of data. Figure 13 shows the result of the processing time of our algorithm, SCLUST and SHICLUST. The four methods in SHI-CLUST have the same processing time. DIV presents a complexity similar to SCLUST and is not shown in the figure for clarity. Our algorithm was tested from a Matlab script, the others are part of the SODAS software.
From these results, we see that DIV, SCLUST and our algorithm clearly have a linear complexity in the size of the dataset, whereas SHICLUST present an exponential complexity. Our algorithm seems slightly slower than SCLUST, but the SODAS software is compiled and therefore more optimized than a Matlab script.
These experiments show that the quality of our algorithm is better than the DIV and SCLUST methods and similar to SHICLUST. However, the proposed algorithm reaches this quality in a linear complexity, which is not the case of SHICLUST. We therefore propose a method capable of excellent results in a low processing time, outperforming the existing algorithms in this trade-off.
Real dataset
In order to test our algorithm on a real dataset and to compare its effi- In [34] , several interval clustering algorithms were used to analyze the climatic dataset, in particular SCLUST and the four methods contained in SHI-CLUST. All these algorithms were applied many times to the dataset, with a range of values for the choice of the number of clusters varying from 2 to 10. All the obtained clustering results have been compared using internal quality indices (i.e.: Calinski and Harabasz, Duda-Hart and Beale indices [30] ). Based on these indices, the "best" clustering results were defined. In particular, the best number of clusters is 2 for this dataset. We used this clustering as a reference in this paper, as we don't have any a priori clustering for these data.
We compared our algorithm with a SOM-based method for interval data, SYKSOM, and an adaptation of SYKSOM, called SYKCLUST, allowing a final clustering of the prototypes using SCLUST [34] . We used a linear initialization and the distance to vertices for our algorithm. The chosen topology is a 3x4 map with hexagonal neighborhood for the three methods. We computed the Jaccard and the Corrected Rand index for the clustering of the three methods in comparison to the reference clustering (Table 6 ).
It is clear that SYKSOM cannot approach the reference clustering, as the number of obtained clusters is the number of chosen prototypes (i.e. 12 in that case). The SYKCLUST extension uses SCLUST on the prototypes to reduce the number of clusters. However, we have to define this number before the learning. Here we chose the expected value (2 clusters) and we obtained a similar clustering to the reference, with a Jaccard and a Rand index above 80%.
Finally, the quality of our algorithm is very good, equivalent to SYKCLUST for these indices, but the most important aspect is that the right number of clusters has been found automatically, this property being valuable for the analysis of real datasets when we do not have knowledge about the clustering structure. 
Conclusion
The results confirm the effectiveness of the proposed algorithm to deal with interval data. The main advantages of this method are: the number of clusters is automatically determined, the algorithm is able to classify groups of nonconvex shape; the process is reliable and fast. Indeed, the complexity is linear in the number of data. In the case of interval data, we note that the algorithm discriminates perfectly groups of intervals of different shapes, even if there is contact between groups of intervals and even in the case where the centers of the intervals are the same. These properties are very significant for this type of data. Moreover, the algorithm takes advantage of all the visualization tools developed for SOM-based methods.
The tests show that the algorithm is relatively insensitive to the distance used to compare data and prototypes. On the contrary, the initialization of the prototypes is important for the quality of the final result; a linear initialization gives better results (it is usually true in SOM in general [42] ).
Once a distance and a prototype are defined, the adaptation of SOM to any type of data seems perfectly appropriate in order to obtain a classification of the data. We plan to work on new adaptations for the analysis of other types of complex data (such as multi-valued, modal or structured data). Furthermore, in the case of mixed data clustering (real-valued + interval-valued), we plan to propose an extension of our method by considering an objective function composed of several terms: one term for each data type. Each term of this composite objective function uses an appropriate distance for each type of the data involved. The optimization of the objective function can be done in a global manner. Finally, we wish to use the Shrinkage-Divergence Proximity (SDP) redesign distance framework [36] to redefine a meaningful distance function in order to adapt our clustering algorithm to high-dimensional spaces.
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